On restricted centers of sets  by Pai, D.V & Nowroji, P.T
JOURNAL OF APPROXIMATION THEORY 66, 17G189 (1991) 
On Restricted Centers of Sets 
D. v. PAI* AND P. T. NOWROJI 
Department of Mathematics, Indian Institute of Technology, 
Bombay, Powai, Bombay 400076, India 
Communicated by Nira Dyn 
Received April 2, 1990 
Given a normed linear space X, a family V of nonempty closed subsets of X, and 
a family F of nonempty closed and bounded subsets of X, we identify three proper- 
ties (R,), (R2), and (Rs) of the triplets (X, V, 9:) where VE “Y, and two properties 
(R4), (fi,) of the triplets (X, V, F), with a view to studying existence of restricted 
centers and stability of the restricted center map. This leads to a sharpening of 
many known results as well as to some new results for existence of restricted 
centers, and it also enables us to obtain some new continuity results for restricted 
center maps. 0 1991 Academic Press, Inc. 
INTRODUCTION 
Let X be a normed linear space and V a nonempty subset of X. For a 
bounded subset F of 1, let 
denote the radius of the smallest closed ball centered at x covering F and 
let 
rad.(F) :=inf{r(F; X):XE V}, 
Cent,(F) := {ZI~E V:r(F,aO)=radV(F)}. 
The number rad .(F) is called the Chebyshev radius of F in V and an 
element QE Cent.(F) is called a restricted center (or a best simultaneous 
approximation) of F in I/. When F is a singleton {x}, x E X, then rad.(F) 
is the distance of x from V, denoted by dist(x; F), and Cent.(F) is the set 
PV(x) := (q, E I/: IIx - uOIl = dist(x; V)} 
* A part of the work of the first author was carried out while he was visiting California 
State University, Los Angeles. 
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of best approximations to x in V. It is obvious that 
r(F, x) = r(p, x) = r(E F, x), 
where e0 stands for the closed convex hull. Therefore the assumption on 
the bounded set F to be closed (and (or) convex) is not an additional 
restriction. The study of restricted centers, initiated by Garkavi [9], has 
attracted much attention. Questions concerning the existence, uniqueness, 
and stability of restricted centers have been analyzed by many authors (cf., 
e.g., [lo, 11, 23, 24, 2, 15-17, 3-5, 211). For a recent survey of results in 
this direction, we refer the reader to [6] (cf. also the earlier expository 
article ES]). 
In this paper, for the most part, we deal with restricted centers of sets of 
continuous (and (or) bounded) vector-valued functions defined on a 
topological space T. We identify three properties (R, ), (R,), and ( 
the triplets (A’, V, S), where V is a nonempty closed subset of a norme 
linear space X and F is a given family of nonempty closed and b 
subsets of X, with a view to study nonemptiness of Cent,(F) and con- 
tinuity of the Cent.-map: F-t Cent.(F) for FE 8. Property (R,) is a 
strengthened version of the l$-ball property of [25], property (R,) 
strengthens both property (PI) of [17] and property (A) of [ and 
property (R3) is a strengthened form of property (P2) of [17]. also 
identify two strengthened versions of property (R2) which we call proper- 
ties (RJ and (ii,), respectively, of the triplet (X, V, F), where X, 8 are 
as before and V is a given family of nonempty closed subsets of X. 
Property (R4) yields equi-Hausdorff continuity and property (R,) yields 
equi-upper Hausdorff semicontinuity of the family (Cent “: YE V > of 
restricted center maps. We explore various examples of triplets satisfying 
properties (RI)-(R4) and analyze the interconnections between these and 
the other known related properties [25, 15, 17, 4, 201. This leads us 
to obtain extensions of several known proximinality results (e.g., [7, 
Corollary 3.1; 20, Theorem 4; 13, Theorem 2.11) to restricted centers. ~Qrne 
new continuity results, as well as some new results on continuous selection 
of restricted center maps are also obtained. 
1. PRELIMINARIES AND NOTATION 
In the sequel, X will be a normed linear space over the field X = B! or 
+z? and 0 will denote the origin of A’. The open (resp. closed) ball of center 
x0 and radius Y > 0 will be denoted by B(x,; r) (resp. &x0; r))~ CL(X) 
(resp. CB(X), resp. K(X)) will denote the class of nonempty closed (resp. 
nonempty closed and bounded, resp. nonempty compact) subsets of X. 
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CC(X) will denote the class of nonempty closed and convex subsets of X. 
For sets A, B in CL(X), let h(A, B) := sup(dist(a; B) : QE A} denote 
the Hausdorff hemidistance [12, p. 381 between A and B and let 
H(A, B) :=max{h(A, B), h(B, A)} denote the Hausdorff distance between 
A and B. Hausdorff distance so defined yields an infinite valued metric on 
CL(X). Restricted to any subfamily 9 of CB(X), it defines a finite valued 
metric. We denote by rH the topology of Hausdorff metric on 9. If T is 
a topological space, then a set-valued map r: T--f CL(X) is said to be 
upper Hausdorff semicontinuous, abbreviated u.H.s.c. (resp. lower Hausdorff 
semicontinuous, abbreviated 1.H.s.c.) if for every t, E T and every E > 0, 
there is a neighbourhood N of t, such that h(T(t), T(Q) < E (resp. 
h(T(t,), r(t)) < E) for each t E N. r is said to be Hausdorff continuous, 
abbreviated H-continuous, if it is both u.H.s.c. and 1.H.s.c. Recall that f is 
said to be upper semicontinuous, abbreviated U.S.C. (resp. lower semicon- 
tinuous, abbreviated 1.s.c.) if rP ‘( t) := {t E T : r(t) n A # $} is closed (resp. 
open) for each closed (resp. open) subset A of X. If r is both U.S.C. and 
l.s.c., then it is said to be continuous. It is well known (cf., e.g., [12, 
Theorem 7.1.11]), that if r is u.s.c., then it is u.H.s.c. and that if r 
is l.H.s.c., then it is 1.s.c. Moreover, if r maps T into K(X), then r is 
continuous if and only if it is H-continuous. 
Given a set F in CB(X) and r > 0, let 
denote the sublevel set of the function r(F, .) at height r. If I/E CL(X) and 
9 c CB(X), then V is said to satisfy the restricted center property 
(abbreviated r.c.p.) for 9 if Cent,(F) # 4, for each FEN. We say that 
X admits centers for 9 if Cent,(F) # 4 for each FE 9. If V satisfies 
r.c.p. for 9, then a map c: 9 -+ V such that c(F)~Cent.(F) (resp. 
c(F)~Cent(F) := Cent,(F)), for each FEF, is called a restricted center 
selection for V (resp. a center selection for X) defined on .9. If T is an 
arbitrary set (resp. a topological space) and U is a Banach space, then we 
denote by Z,(T, U) (resp. g(T, U)) the space of bounded (resp. con- 
tinuous) U-valued functions on T. We equip Z,(T, U) with the sup norm 
and denote by %YJ T, U) the space U( T, U) n I,(T, U) equipped with the 
restricted norm in case T is a topological space. We record the following 
elementary fact useful in the sequel as a lemma. 
LEMMA 1.1. Let X= ‘%‘JT, U), FE K(X), and for each t E T let F(t) 
denote the set {f(t) : f E F}; th en the set-valued function t + F(t) of T into 
K(U) is H-continuous, and hence also continuous. 
ProoJ: This follows immediately from the equicontinuity of F. 1 
RESTRICTED SET CENTERS 573 
A subset V of gb( T, U) is said to be a %$,( T, X)-submodule of qb(T. U) 
if G$ + /?g E V whenever f, g are in V and a, p are in qb( T, X). A subset V 
of l,( T, U) is said to be a convex I,(T, [0, I])-submodule if 
cxf+(l-ol)g~Vwheneverf,garein VandaEZ,(T, [O,l]).Incase Tis 
compact Hausdorff, V is said to be a Weierstrass-Stone subspace of 
%Yb(T, U) (abbreviated W-S subspace) if there is a compact Hausdorff space 
S and a continuous surjection rrn: T --+ S such that V = { g 0 x : g E %$,(S, U) 1. 
Recall [ 1 ] that a linear projection P in a Banach space X is called an 
L-projection if llxJI = //P.xIl + //x - Pxlj for all x E X. A linear subspace L of 
X is called an L-summand if it is the range of an L-projection in X and a 
closed subspace V of X is called an M-ideal if its annihilator Ml is an 
L-summand in X*. Last, recall that a (real) Banach space X is said to 
be a Lindenstrauss space if X* is isometric to L,(p) for some measure ,u. 
Lindenstrauss [14] has shown that this is equivalent to the property that 
every collection of pairwise intersecting closed balls in X whose centers 
form a compact set, has nonempty intersection. 
2. PROPERTY (R,) 
We need to recall here the notion of l$-ball property introduced by Yost 
[25]. A closed subspace V of a Banach space X is said to satisfy the 1 i-ball 
property in X if V n i?(x; rl ) n B( y; r2) # #, whenever x E V, y E X, r1 > 0, 
and r2>0 are such that Vn&y;rZ)#q% and /lx- yll <r,+r,. This 
property ensures proximinality of V and existence of a selection for the 
metric projection Py(. ), which is continuous, homogeneous, and quasi- 
additive [25]. For studying restricted centers, it is apparently more useful 
to introduce the following property which is a strengthened version of the 
If-ball property. Although indirectly used in the proof of Proposition 3 of 
[17], it does not appear to have been well-studied elsewhere in the 
literature. 
DEFINITION 2.1. Given V E CL(X) and 9 c CB(X), the triplet 
(X, V, F) is said to satisfy property (R,) if VnB(x; rl)n S,,(P)#& 
whenever x E V, FE 9, rl > 0, and r2 > 0 are such that Vn S,,(F) # (6 and 
r(F; x) < rl + r2. Clearly if V is a closed subspace of X, 9 contains all 
singletons in X and (X, V, 9) satisfies property (RI), then V satisfies the 
li-ball property in X. 
THEOREM 2.2. Suppose X is a Banach space, V E CL(X), and 
F c CB(X). If (X, V, 9) satisfies property (I?;), then V satisfies r.c.p. 
for F. 
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ProoJ Let F in 9 be given. We inductively construct a sequence v, in 
V satisfying 
lb, - v n+ll/ 62-” 
and 
r(F;vu,)<radr,(F)f2-” 
Indeed, suppose v, E V is given satisfying (2). Then 
(1) 
(2) 
and r(F; v,) < rad,(F) +2-“-l + 2-“. By (R,) 
Pick up zi,+ I from the last set. Then u,+ I satisfies (1) and (2), and the 
induction is complete. By (I), {v,} is Cauchy and if u = lim, v,, then 
v E V and by (2), v E Cent v(F). Thus Cent v(F) # 4 and V satisfies r.c.p. 
for F. 1 
In the following propositions we consider examples of triplets (X, V, F) 
satisfying property (R,). 
PROPOSITION 2.3. If V is an M-ideal in a Lindenstrauss space X, then the 
triplet (X, V, K(X)) satisfies property (R,). 
Proof Suppose XEX, FEK(X), rl >O, and r,>O be such that 
Vn S,,(F) # 4 and r(F, x) < r1 + r2. Then B(x; rl) n B( y; rz) # c$ for each 
y E F and since FE K(X), by a theorem of Lindenstrauss [8, p. 621 we have 
&x; rl) n (0 {&Y; r2) : Y E F)) Z 4. 
Since Vn B(x; rl) # 4 and V n 8(y; r2) # q5 for each y E F by [ 16, 
Lemma 2.11, Vn B(x; rl) n S,,(F) # 4. 1 
PROPOSITION 2.4. If T is a compact Hausdorff space, U is a 
Lindenstrauss space, X = Q?( T, U), and V is a W-S subspace of X, then 
(X, V, K(X)) satisfies property (R,). 
ProoJ: There are a compact Hausdorff space S and a continuous surjec- 
tion rc: T+S such that V={gox: gE%?(S, U)}. Suppose gone V, 
F~K(X),ri>O,andr,>Oaresuchthat Vn(n{B(f;r,):fEF})#~and 
r(F, g 0 rc) < rI + rz. Define Qi: S + CC(U) with values 
Q(s) :=B(g(s); rl)n n (@f(t); rz) : f EF, tEzn-l(s)) 
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By Lemma 1.1, the set-valued map t -+ F(t) of T into K(U) is U.S.C. an 
therefore, by [12, Theorem 7.4.21 the set {S(t) : f E F, t E x-‘(s)) is in 
K(U). By the theorem of Lindenstrauss [S, p. 621, we have Q(s) # 4 for 
each s E S. We show that @ is 1.s.c. To this end suppose @(so) n 0 # q5 for 
a point s0 E S and an open set 0 in U. Pick a point u in this set. Then 
l/u-&%)/I Grr,, fWhJ)4 u; rJ for each f~ F and B(u, E) c 0 
for some E > 0. It is easily seen that the set-valued map s -+ F(c’(s)) 
of S into K(U) is U.S.C. Hence there is a neighbourhood N, of s0 
such that F(n-l(s)) c B(u; r2 + E) for every s E N, and by continuity of g, 
there is a neighbourhood Nz of s0 such that jig(s) -g(q,)// <E for every 
SEN,. Taking N = N, n N2, we have B(u; E) n i?( f (t); r2) # 4 ancZ 
B(u; E) n B(g(s); pi) # 4 for each f E F, t E C’(S) and SE N. Again by the 
same theorem of Lindenstrauss used before, we have Q(s) n B(u; E) Z tj for 
each s E N, which proves that @ is 1.s.c. By Michael’s selection theorem I: 18, 
Theorem 3.2”], @ has a continuous selection h. It is easily verified that 
honk VnB(gox;r,)nS,,(F). 1 
PROPOSITION 2.5. Let T, S, U, X, and z be as in the previous proposition. 
IfE is a closedsubset ofSand V={go~:g~%‘(S, U) andgl,=O), then 
(X, V, K(X)) satisfies property (R,). 
Proof Let @ be as in the proof of the previous proposition. Suppose 
gonEV, FEK(X), r,>O, and r,>O are such that VnS,(F)#d and 
r(F; g~z)<r,+r,. Pick up an element go)rl~ VnS,,(F), then llf(l)l/ < 
IIf(tg(n(t))jl <r, for each tEx-l(E) and each ~GF. This shows t 
6’ E Q(s) for each s E E. Define 
@&) := s$E 
s E E. 
Then Do is 1s.~. and the existence of a continuous selection for c&, shows 
that VnB(goqrl)nS,,(F)#~. i 
COROLLARY 2.6. If T is a compact Hausdorff space, X= %( T, W), and V 
is a closed subalgebra of X, then (X, V, K(X)) satisfies property (R,). 
Proox This follows from the Stone-Weierstrass theorem and Proposi- 
tion 2.4 if V vanishes at no point of T and from Proposition 2.5 if V 
vanishes at some point of T. 1 
COROLLARY 2.7. If T is a compact Hausdorff space, U is a Lindenstrauss 
space, X = %( T, U), E is a closed subset of T, and V= (g E U( T, U) : 
g lE= 01, then (X, V, K(X)) satisfies property (R, ). 
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PROPOSITION 2.8. If T is a paracompact Hausdorff space, U is 
a Lindenstrauss space, V is an M-ideal in U, and X = I,( T, U), then 
(X, WJT, V), K(X)) satisfies property (R,). 
ProoJ Suppose g E %$,( T, V), FE K(X), rl > 0, and r2 > 0 are such that 
QGe,(T, Vn(n {@i;r,):f.tFj)## and r(F; g)<r,+r,. 
Define @: T + CC(V) with values 
Q(t) := Vn B(g(t); rl) n n (&f(t); r2) : f~ F} . 
> 
By Proposition 2.3, (U, V, K(U)) satisfies property (R,) and since 
F(t) E K( U), we have c@(t) # q5 for each t E T. We assert that @ is 
1.s.c. Indeed, suppose @(to) n B(u; a) # 4 for some u E V. Pick up 
ue&t,,)nB(u;a) and B>O such that jIv-uI\ </?<a. Let ~=a-b. Then 
we have IIu - g( t,)(l < rl and F(t,) c B(u; r2). By upper semicontinuity of 
t 3 F(t), there is a neighbourhood N1 of to such that F(t) c B(v; r2 + E) for 
every t E N, and by continuity of g, there is a neighbourhood N, of t, 
such that IIg(t)-g(t,)ll <E for all tEN,. Let N=N,nN,. Then 
B(f-5 ~1 n&f(t); r2) f 4 and B(v;~)nB(g(t);r,)#cj for each fgF and 
t E N. Since U is a Lindenstrauss space, F(t) u {g(t)} E K(U) and V is an 
M-ideal, we have by [ 16, Lemma 2.11 Q(t) n B(v; E) # 4 for each t E N. 
Therefore, @(t) n B(u; IX) # 4 for each t E N and this proves that @ is 1.s.c. 
By Michael’s selection theorem, Q, has a continuous selection h. Clearly 
h E %,b(T, V) n Bk; rl) n S,,(F). I 
PROPOSITION 2.9. If T is an arbitrary set, X= I,( T, S3), and V is a 
closed linear subspace of X with the property that for each g E V and k > 0, 
the function (g A k) v (-k) belongs to V, then (X, V, CB(X)) satisfies 
property (RI 1. 
Prooj By a translation, it would suffice to prove that if FE CB(X) and 
r1 >O and r,>O are such that Vn S,,(F)#d and r(P, 8)<r, +r,, then 
Vn&8;r,)n_S,(F)#& Pick gEVnS,,(F) and let h=(g~ rl) v (-rl). 
Then hE VnB(B; rl). We show that r(F; h)<r*. Let te T be given. If 
Idt)l Qrl, then h(t)=g(t) and therefore If(t)-h(t)1 = If(t)-g(t)/ < 
IIf-gll < r2, for each f E F. If g(t) > rl, then h(t) = r1 and we have 
-r2 <f(t) -g(t) <f(t)- rl =f(t) - h(t) < r2, for each f E F. 
Last, if g(t) < - rl, then h(t) = - r, , and in this case we have 
-r2= -(rl+rZ)+rl<f(t)+rl =f(t)-h(t)<f(t)-g(t)< llf -gll <r,, 
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for each f E F. Thus \f( t) - h(t)] d r2 for each t E T and f6 F, which gives 
r(F;h)<r2. 1 
COROLLARY 2.10. rf T is a compact Hausdorff space, X= %‘( T, B), and 
V is a closed subalgebra of X containing nonzero constants, then 
(X, V, CB(X)) satisfies property (R,). 
Prooj This follows from the well known fact that any closed sub- 
algebra of %Y(T, 9) is a sublattice. Indeed, if V contains nonzero constants, 
then the condition of the preceding proposition is satisfied. 
3. PROPERTIES (R2), (R3), AND (R4) 
Given a family V c CL(X) and a family 9 c CB(X), where X is a 
normed space, we introduce properties (RJ, (R3), (R4), and (I&) given by 
the following definitions. 
DEFINITION 3.1. Let VE V be given. The triplet (X, V, 9) is said to 
satisfy property (R2) if, for every E > 0 and r > 0, there exists 6 > 0 sue 
that given FEN with rad.(F)< r and UE V such that r(F; u) <r+ S, 
there exists u E V such that /u-u/I <e and r(F; v) <Y, or equivalen 
dist(u; S,(F) n V) < E, whenever FE 9 with rad.(F) d r a 
UE(nyEF(B(Y;r+~)})nV. 
DEFINITION 3.2. Given VE Y, the triplet (X, V, 9) is said to satisfy 
property (R3) if given E >O, there exists 6 > 0 such that for every FEP, 
every r 2 rad v(F) and each u E V satisfying r(F, U) < Y + 6, there exists u E V 
such that llu - u/I <E and r(F; v) d r. 
DEFINITION 3.3. The triplet (X, Y, 9) is said to satisfy property (R4) if 
given E > 0, there exists 6 > 0 such that for every VE Y, FE 9, and 
r b rad .(F), for each u E V satisfying r(F, u) < Y + 6, there exists u E V such 
that l/u-u/l <E and r(F; u) < r. The triplet (A’, V, 9) is said to satisfy 
property (R,) if, given E > 0 and r > 0, there exists 6 > 0 such that for every 
VE Y and FE 9 such that r 3 rad.(F) and each u E V satisfyin 
r(F; U) < r + 6, dist(u; S,(F) n V) <E. 
Clearly, if (X, “Y, 9) satisfies property (R4), then it satisfies property 
(R,) and (X, V, 5) satisfies (R3) for every VEY. 
We remark that property (R2) is stronger than property (Pi) of Mach 
[17], which is obtained by taking r = rad,(F) for each FE F in the state- 
ment of (R2). Likewise, property (R3) is stronger than property (I’?) of 
[17], which is obtained by taking r = rad,(F) for each FE 9 in the state- 
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ment of (R2). We also observe that (R2) reduces to property (A) (resp. is 
stronger than property (A)) of [2Q] when 9 consists of all singletons 
(resp. contains all singletons) in X. It is clear that if the triplet (X, V, 9) 
satisfies (R,), then V satisfies r.c.p. for p. 
The next four propositions give examples of triplets (X, V, F) satisfying 
property (R,). Recall [22, p. 3681 that a set I/E CL(X) is said to be 
boundedly compact if Vn B(x; r) is compact for every x E X and Y > 0. 
PROPOSITION 3.4. Suppose V is a boundedly compact subset of X; then 
(X, V, CB(X)) satisfies property (R2). 
Proof Assume the contrary. Then there are numbers E> 0 and r > 0 
and a set FEF with rad.(F) d r, such that for each n, there exists 
ZI, E V such that r(F; 0,) < r + l/n and dist(u,; S,.(F) n V) > E. Clearly 
{~n)-%+AFk~Utd rameter(F) + r + 1) n V, which is compact. There- 
fore (on} has a convergent subsequence (zonk} converging to u0 in V. Then 
v0 E S,(F) n V, but dist(u,; S,.(F) n V) > E, which is a contradiction. 1 
PROPOSITION 3.5. If X= I, and V is a w*-closed convex subset of X, then 
(X, V, CB(X)) satisfies property (R2). 
Proof Assume the contrary. Then there are numbers E >O and r >O 
and a set FE p with rad.(F) d r, such that for each n, there exists v, E V 
such that r(F, v,) <r+ l/n and dist(v,; S,.(F) n V) 2s. The proof of 
Proposition 2 of [17] is now easily seen to work here with rad.(F) 
replaced by r. 1 
Recall [6] that X is said to be quasi unzformly comex with respect o a 
set VE CC(X) if for every O<E< 1 there exists O<$=$(E)<E such that 
given u, v in V, there exists USE V with Iju- z+,jl <E and such that 
B(u; 1) n B(u; 1 - 8) c B(u 0; 1 -J). In this case, we say that the pair (X, V) 
satisfies property (QUC). If V is a closed linear subspace, then by a trans- 
lation, we may assume uO= 0 in the above definition. We also recall 
(cf. [6]) that in case V is a closed linear subspace of X, then X is said 
to be untformly convex with respect to V, if for every E >O, there 
exists 6=8(.s)>O such that U-UE V, (IuI( = /lulj = 1, IIu--VII >E imply 
[ji(u + v)ll < 1 - 6. It is known [4, Proposition 2.21 that X is uniformly 
convex with respect to V if and only if (X, V) satisfies (QUC) and we can 
take u0 in the line segment connecting u and v in the definition of (QUC). 
PROPOSITION 3.6. If V is a closed linear subspace of a Banach space X 
and (X, V) satisfies property (QUC), then (AT, V, CB(X)) satisfies 
property WJ. 
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ProoJ: Let E > 0 and Y > 0 be given. By scaling we may assume, without 
loss of generality, that Y = 1 and E < 1. Take 0 <E”< e/(1 + E) and Iet 
p = a(E) < E” as in the definition of property (QUC). Take 6 = ,u/(l -p). 
Let FE CB(X) be such that rad v(F) 6 1 and pick u E V such that 
r(F; u) < 1 + 6. Then r(F/(l + 6); u/(1 + 6)) < 1. By [4, Proposition 2.4(a)13 
Cent.(F) # 4. Therefore, we can pick up 2; E V such that r(F, V) < 1. Then 
r(F/(l + 6); v/(1 + 6)) d 1 -p and 
for some q,~ V with lluO-- u/(1 + S)[l GE by property (QUC). Let 
ii=(1+6)u,. Then ii~V, ~~ii-ull~E”(1+6)=~/(1-~)~~//(1-E”)<~, an 
r(F; ii) d 1. 1 
PROPOSITION 3.7. If X is locally uniformly convex, VG CC(X), and V Aa,s 
property r.c.p. for K(X), then (X, V, K(X)) satisfies property (R2), 
Proo$ This is an easy modification of the proof of Proposition 
of [17-J. 1 
Given a set V/E CL(X), recall [ 151 that the pair (X, V) is said to satisfy 
property (P) (called (PI) in [ 151) if given E > 0 and r > 0, there exist 6 > 43 
and a function h: Vx I/+ V such that for every 8, with 101 < 6, we have 
h(x, y) E B(x; E) and B(x; r + 6) n B( y; r-t 0) c B(h(x, y); r + 0). The pair 
(X, V) is said to satisfy (P) (called (Pz) in [15]) if it satisfies (P) with iii 
continuous. It is shown in [15] that for a Banach space X if (X, V) satisfies 
(P), then V satisfies r.c.p. for CB(X). Also if X is uniformly convex Banach 
space and VE CC(X), then (X, V) satisfies (P) and, moreover, if (X, V) 
satisfies (P), then (I,(?', X), %$,(T, V)) satisfies (P) for any topological 
space T. 
PROPOSITION 3.8. If X is a Banach space, V E CL(X), and the pair (X, V) 
satisfies property (P), then (X, V, CB(X)) satisfies property (R,), 
Proof. Let E > 0 and r > 0 be given. Let FE CB(X) be such that rad V(F) d r. 
Since (X, V) satisfies (P), there exists 6 > 0 such that for each u, w in V, there 
is an element v E V such that B(u; r + 6) n B(w; r + 0) c B(v; r $0) for every 
0, with IO/ < 6. Let u E V be such that r(I;; u) < r + 6. By [ 15, Theorem 
we can pick up w E Cent.(F). Then there is an element v E V such t 
I/u - vll d E and Fc B(u; Y + 6) n B(w; r) c &v; r). Therefore, 
v E Vn S,(F) and dist(u; Vn S,(F)) GE. 
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The relationship between the properties (R, ), (R2), and (R3) is clarified 
in the next proposition. 
PROPOSITION 3.9. rf X is a normed space, V E CL(X), and 9 c CB(X), 
then for the triplet (X, V, Y) we have 
ProoJ: (R,)* (R3): Suppose (X, V, @) satisfies (R,). Let F>Q 
and let 6 be any number such that 0 < 6 <E. Let FE 9 and r 3 
Let UE V be such that r(F; u) < r + 6. Theorem 2.2, S,(F) n Vf I$. 
Hence by (R,), Vn &u; 6) n S,(F) # 4. T efore dist(u; S,(F) n V) ,< 6 <e, 
and this shows that (X, V, 5) satisfies (RJ. 
(R3) * (R,): This is obvious. fi 
Remarks 3.10. (i) If X=Z, and V=X, then by Proposition 3.5, the 
triplet (X, V, CB(X)) satisfies property (RJ; but it is known [4, Corollary 
2.71 that (X, V) does not satisfy property (QUC). 
(ii) Let X be the M-space (fe%‘[O, l] :f(l/2n)= (l/n)S(l/(&z--I)), 
n = 1, 2, . . . } and V= X. Then X is a Lindenstrauss space an 
Proposition 2.3, (X, V, K(X)) satisfies property (R,); but it is known from 
[4, Example 4.71 that (X, V) does not satisfy (QUC). 
PROPOSITION 3.11. rffor each VE Y, (X, V, 9) satisfies property ( 
then (X, Y, 9) satisfies property (R4). 
ProoJ Let E >O be given. From the proof of (R,) 3 (R,) in the 
previous proposition, it is clear that for any 6, 0 < 6 <E, for every 
VE VT, FE 9, and r Z rad .(F), if u E V is such that 
dist(u; S,(F) n V) < E. Thus (X, Y, p) satisfies (R4). 
PROPOSITION 3.12. If X is a uniformly convex Banach space, then the 
triplet (X, CC(X), CB(X)) satisfies property (ii,). 
Proof. Let E > 0 and r > 0 be given. Let V E CC(X) and FE CB(X) be 
such that rad.(F) Q r. By [1.5, Proposition l]? there exists 6 > 0 such that 
for every x, y E X and every 8 with 101 < 6, we have 
(*) B(x;r+6)nB(y;r+B)cB(~,(x,y);r+8), 
where 
~~~x~y)={~;-~Jjl--yl~-‘)x+&~(x-y~~-~y~ 
if llx- yll GE 
if /lx-yij BE. 
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NOW let UE V be such that r(F; u) < r + 6 and pick up u E Cent Y(F). 
Then F c B(u; r + 6) n B(u; r) c B($Ju, v); r). Since $Ju, v) E Y an 
I/U - II/,(u, v)jl GE, we conclude that dist(u, S,(F) n V) GE. B 
PROPOSITION 3.13. If T is a topological space, U is a uniformly convex 
Banach space, X = I,( T, U), and Y” := ( V : V is a closed convex 
Z,(T, [S, I])-submodule of Z,(T, U)], then (X, Y, CB(X)) satis$es 
property (R,). 
ProoJ Let E > 0, r > 0 be given and let 6 > 0 be such that (*) holds for 
all x, y E U. Let V E V and FE CB(X) be such that rad .(F) < r. Then for 
f, g in I,(T, U), B(f;r+d)nB(g,r+O)cB(h,(f, g);r+Q) for every 6 
with 181 < 6, where h,(f, g)(t) = $,(f (t), g(t)), with $, as in the previous 
proposition. Let f E V be such that r(F; f) < Y + 6. By [Zl, Corollary 2.31, 
we can pick up gECent.(F). Then FcB(f;r+6)nB(g;r)c 
B(h,(f, g); r). Since V is a convex E,(T, [0, I])-submodule, h,(f, g)E V 
and /If - h,(f, g)ll GE. Therefore, dist(f; S,(F) n V) <E. 
COROLLARY 3.14. With T, U, and X as in the previous proposition, 
if 9’” := ( V : V is a closed %‘J T, X)-submodule of gb(T, U)>, then 
(X, Y-9 CB(X)) satisfies property (&). 
4. CONTINUITY OF Cent,(. )-MAP 
As in the previous section, let X be a normed space and let the families 
V c CL(X) and 9 c CB(X) be given. 
THEOREM 4.1. Let VE Y and suppose (X, V, F) satisfies property (R,). 
Then the Cent “-map: F+ Cent,(F) of B equipped with zH into CL(V) is 
u.H.s.c. 
Prooj Since (X, V, 9) satisfies property (R2) * (V, F) satisfies 
property (PI) of [17], this follows readily from [17, Theorem 51. 1 
THEOREM 4.2. Let VE Y and suppose (X, V, 9) satisfies property ( 
Then the Cent v-map: F+ Cent,(F) of 9 equipped with zH into CL(V) is 
uniformly H-continuous. 
ProoJ: Let E > 0 be given and select 6 > 0 as in Property (R,). 
Since (X, V, 9) satisfies property (R3) => (V, F”) satisfies property (P2) 
in [17], it follows exactly as in the proofs of Theorems 5 and 6 of 
[17], that for every 6,, 0 < 6, < 6, F, GE F and H(F, 6) ~6~12, 
imply h(Cent V(G), Cent.(F)) < E and h(Cent tT(F), Cent.(G)) < a, i.e., 
H(Cent.(F), Cent.(G))<&. 1 
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Remarks 4.3. (i) If VE CC(X) and the triplet (X, V, CB(X)) satisfies 
property (R3), then the pair (X, V) satisfies property (QUC). This follows 
immediately from [6, Theorem in 6.11. 
(ii) By Remark 3.10(i), the triplet (Ii, I,, CB(Z,)) satisfies (RJ but 
not (R3). 
(iii) If the pair (X, V) satisfies property (P), then Cent.-map: 
F-+ Cent,(F) is H-continuous. This follows from [ 15, Theorem 31, 
Proposition 3.8 and Theorem 4.1. 
THEOREM 4.4. Let VE Y and suppose (X, V, g) satisfies property (R,). 
Then the Cent .-map: F-, Cent.(F) of F equipped with zH into CL(V) is 
Lipschitz H-continuous. In fact 
H(Cent V(F), Cent r,(G)) < 2H(F, G) 
for all F, G in Y and the constant 2 is, in general, the best constant. 
Proof By Proposition 3.9, (X, V, @) satisfies (R,) =S (X, V, 9) satisfies 
(R3). From the proof of Proposition 3.9, it is clear that given E >O, any 
number 6, 0 < 6 <s, works in the definition of (R3), when (1, V, F) 
satisfies (R,). From the proof of the preceding theorem, it follows that F, 
G in 9 and H(F, G) < s/2 imply H(Cent v(F), Cent y( G)) d E. Therefore, 
H(Cent.(F), Cent.(G))<2H(F, G), for all F, G in 9. To show that this 
inequality is sharp, let X=W3 equipped with the box norm, let V be the 
one dimensional space spanned by (1, LO), and let 9 be the singletons in 
X. It is easy to see that (X, V, 9) satisfies (R,). Let F= ((0, 0, 3)) and 
G= ((1, -1, 2)). It is easily seen that Cent y(F) = ((h, A, 0) : 111 6 S}, 
Cent,,(G)={(A,A,O):~i~<l}, H(F,G)=l andH(Cent.(F),Cent.(G))=2, 
which shows that 2 is the best constant. m 
THEOREM 4.5. If the triplet (X, Y, 9) satisfies property (R4), then the 
family of set-valued maps {Cent v( ‘): VE Y} is uniformly equi-H-continuous 
on 9 equipped with zn. 
Proof Let E ~-0 be given and let 6 > 0 be as in the definition of 
Property (R4). It follows exactly as in the proof of Theorem 4.2 that for every 
VEX’“, F, GEM and H(F, G)<6/2 imply H(Cent,(F), Cent.(G))<&. i 
THEOREM 4.6. If the triplet (X, Y, 9) satisfies property (&), then 
the family of set-valued maps {Cent,(.): VE Y} is equi-u.H.s.c. on 9 
equipped with zN: given F, E 9 and E > 0, there exists 6 > 0 such 
that h(Cent.(F), Cent.(E;,))<s, for every VE ^ Y, whenever FEN and 
H(F, FO) < 6. 
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Proof. This follows exactly on the same lines as the proof of Theorem 
4.1 using the definition of Property (8,). 
In conjunction with Proposition 3.10, Theorem 2.2, and the previous 
propositions and corollaries giving examples satisfying property (R,) we 
obtain: 
COROLLARY 4.7. Each V E V satisfies rq. for B and the family 
{CentF( ~): VE Y} is equi-Lipschitz H-continuous on B equipped with zHv 
with Lipschitz constant 2, in each of the following cases: 
(1) X Is a Lindenstrauss space, -J/- = family of ali M-ideals in X3 and 
B = K(X); 
(2) T is a compact Hausdorff space, U a Li~denstra~ss space? 
X= %Y(T, U), -L’ = the family of all W-S subspaces in X, and P’ = K(X); 
(3) T is a compact Hausdorff space, X= %?(T, 9), V = the family of 
all closed subalgebras in X, and F = K(X); 
(4) T is a compact Hausdorff space, U a Lindenstrauss space, 
X=%(T, U), 3’= (VE: E a closed subset of T), where VE := (ge%‘(T, U) : 
gl,=Q) and F-K(X); 
(5) T is a paracompact Hausdorff space, U a Lindenstrauss space, 
X=l,(T, U), Y’-=(%‘b(T,M):M is an M-ideal in U>, and F = K(X); 
(4) T is an arbitrary set, X = I,(T, SS!), -V = ( V : V is a closed linear 
subspace of X satisfying the condition in Proposition 2.9 j, and B = 
(7) T is a compact Hausdorff space, X = %?( T, g’), -k’ = the 
all closed subalgebras of X containing nonzero constants, and 9 
Some of the cases in the preceding corollary are improvements of some 
of the known results: (I) improves Proposition 3 and Corollary 7(v) 
[17]; (2) improves [7, Corollary 3.191 and [25, Theorem 2.11; (3) a 
(7) are improvements of [25, Corollary 2.31 and partial improvements of 
[24, Theorem I]; (6) improves [20, Example 51. 
5. RESTRICTED CENTER SELECTION 
Let T be a topological space, let U be a Banach space, and let 
X= l,( T, U). Suppose a set V/f CL(U) and a family F c C 
By an abuse of notation, we continue to denote by Gf$(T, V), the 
subset (f E Vb( T, U) : f( 2”) c V> of I,( T, U), which is convex if V is 
convex. In this section, we mainly address the following questions: 
(1) When does %J T, V) satisfy r.c.p. for F? 
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(2) When does %‘JT, V) have a continuous restricted center selection 
on 9? 
In case 9 = K(X), answers to both these questions are provided in the next 
theorem. 
THEOREM 5.1. Suppose V admits a continuous restricted center selection 
on K(U). Then %Yb( T, V) satisfies r.c.p. for K(X), where X = ‘Sb( T, U). 
Moreover, tf either 
(i) T is compact Hausdorff 
or 
(ii) V has a continuous restricted center selection on K(U) which is 
uniformly continuous on the sets (A E K(U) : rad “(A) < r} equipped with zH 
for each r > 0, 
then %$( T, V) has a continuous restricted center selection on K(X). 
Proof Let FE K(X) and let A --+ C(A)eCent.(A) be a continuous 
restricted center selection for V on K(U). By Lemma 1.1 and hypothesis, 
t + C(F(t)) is H-continuous. Define the function c: K(X) -+ %‘?( T, V) by 
c(F)(t) = C(F( t)) for FE K(X) and t E T. It is easily verified that for each 
t E T, rad.(F(t)) < rad ocT, .,V’). Therefore II ~(F)(t) II< Ilf II + radwbcT, #‘) 
for any f E F and each t E T, whence we conclude that c maps K(X) into 
G?&( T, V). We assert that c(F) E Cent q(r, .,(F) for each FE K(X). Indeed, 
we have 
rad vbb(r,r,+F)Qsu~ II&‘Ff II =sup sup Il~(F)(+f@)ll 
fEF feF [ET 
=sup r(F(t); e(F)(t))=sup r(F(t); C(F(t))) 
f.z T fET 
= sup rad.(F(t)) < rad,,o.,(F). 
Therefore r(F; c(F)) = rad o(T, .,(F), and this proves that %‘J T, V) satisfies 
r.c.p. for K(X). We assert that I;+ c(F) is a continuous map of K(X) 
equipped with zN into ‘&(T, V) under either of the two assumptions (i) or 
(ii). First suppose (i) is satisfied and, assume the contrary, that F -+ e(F) 
is not continuous. Then there are a net (FJ in K(X), zcrconvergent o F0 
in K(X), and a number E > 0, such that 
(*I II~V’J - &%)ll 2 E for all ;1. 
Pick t, E Tfor each il such that jIc(F,)- c(F,)j/ = IIc(F,)(t,)- Z’(F,)(t,)ll = 
IIc(F2(tJ)- ~(F,(tj.))ll. Since T is compact, the net (tr) has a subnet 
( tu) convergent o t, E T. 
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Since fW,(t,), F&d Q WE;tt,L F&J + fW&,), I;,O,H d 
-W’p,F~)+fWo(t,), Fot~o)), by Lemma 1.1, ~-lim,Fp(tp)=Fo(tO), 
which contradicts (*) and establishes continuity of the map F--+ c(F). Next 
suppose (ii) is satisfied. Fix FE K(X). Let E > 0 be given and let J&’ := 
(AsK(U):H(A, F(t))<& for some ZET}. Since jrad.(A)-rad.(F(t))l< 
H(A, F(t)), we have 
d c (A E K( U) : rad.(A) < rad,,, .,(F) + ~1 
and by hypothesis, there is a 6 > 0 such that for A, B in d with 
H(A, B) < 6, we have IlC(A)- C(B)11 <E. We may assume 0~6 <.a. Wow 
let GE K(X) be such that H(F, G) < 6. Then H(F(t), G(t)) < 6 and since 
F(t), G(~)E&‘, we have \\C(F(t))- C(G(t))(/ <E for each t E T. Therefore 
j/(?(F) - c(G)ll <e and we conclude that ? is continuous at E 
The preceding theorem extends [ 13, Theorem 2.11 as well as [2@, 
Theorem 11. In conjunction with [4, Proposition 24(a)], Remark 4.3(iii), 
and Theorem 4.1 we obtain: 
COROLLARY 5.2. If T is an arbitrary topological space, then gbe,( T, V) has 
r.c.p. for K(X), where X= 9Yb( T, U) and, moreover, kZb( T, V) has a continuous 
restricted center selection on K(X) in case T is compact Hausdorff; in each 
of the foilowing cases: 
(1) V is a closed linear subspace of U and the pair (U, V) satisfies 
property (QUC); 
(2) VE CL(U) and the pair (U, V) satisfies property (P); 
(3) VE CL(U) and the triplet (U, V, K(U)) satisfies property ( 
We remark that in the previous corollary (1) improves [20, Corollary 
4(g)] and (2) is a partial improvement of [lS, Corollary 51. 
In conjunction with Proposition 2.4, Corollary 2.7, and Proposition 3.9 
the preceding theorem gives: 
COROLLARY 5.3. Let S, T be compact Hausdorff spaces, U a Linden- 
Strauss space and let X= %‘(S x T, U); then %?(S, V) has a continuous 
restricted centre selection on K(X) in each of the following cases: 
(1) V is a W-S subspace of %( T, U); 
(2) V= (gE%?(T, U): gl,=O, for a given closed Ec Tj. 
ProoJ: We need only identify the Banach spaces %‘(S, %(T, U)), ainei 
Q?(Sx T, U). 1 
The following Corollary which is obtained using Proposition 2.3, 
Proposition 2.8, and Proposition 3.9 along with the.preceding theorem is 
also of independent interest. 
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COROLLARY 5.4. If T is an arbitrary topological space, U is a 
Lindenstrauss space, and V is an M-ideal in U, then G%t,(T, V) has r.c.p. 
for K(X), where X= %‘JT, U), and in case T is paracompact Hausdorff, 
Wt,(T, V) has a continuous restricted center selection on K(Y), where 
Y = l,(T, U). In particular, qb(T, U) admits centers for K(X) if T is 
arbitrary, and G$(T, U) has a continuous center selection on K(Y) tf T is 
paracompact Hausdorff 
Theorem 5.2 in conjunction with [6, Theorem in 4.1 and Theorem 6.11 
also yields: 
COROLLARY 5.5. If T is an arbitrary topological space, U is an uniformly 
convex Banach space and V E CC(U), then %?J T, V) has a continuous 
restricted center selection on K(X), where X = ‘+Zt,( T, U). 
We remark that the preceding corollary is also a consequence of Remark 
4.3(iii) and [15, Theorem 31. 
THEOREM 5.6. Let T be a paracompact Hausdorff space, U be a Banach 
space, and X = %J T, U). Let VE CC(U) and 9 c CB(X) be such that for 
each FE 9, the set-valued map t + F(t) of T into CB( U) is u.H.s.c. If the 
triplet (U, V, CB( U)) satisfies property (R,), then Wb( T, V) has r.c.p. for 9. 
Proof: Let FE 9 be given. For each t E T, define 
Q(t) := {UE V: r(F(t); ~)<rad,,~~,.,(F)}. 
Since rad.(F(t))drad,,(,,,, (F), by property (RJ, Q(t) # 4; also it is 
closed and convex. Thus @ maps T into CC(U). We claim that @ is 1.s.c. 
To this end, let t,, E T and suppose @(to) n B(u,; a) # 4. Pick up v E @(to) 
such that /Iv - uOll < /I < a. Let E = a-/?, r = radwbo .,(F) and choose 6 > 0 
as in property (RJ. Since t + F(t) is u.H.s.c. at to, there exists a 
neighbourhoodN,, of t, such that for each t EN,,, h(li(t), F(t,)) < 6. Since 
O’(t); v) d r(F(td; v) + h(F(t), ml, we have r(F( t); v) < r + 6, for each 
t E N,. Again since rad.(F(t)) d r, by property (R2), there exists W,E V for 
each t E N,, such that r(F(t); w,) dr and IIw,- VII <a. Since lIw,-- u,,ll < 
E + p = ct, we have w, E Q(t) n B(u,; a). Thus Q(t) n B(u,; a) # CD for each 
tEN,,, and this proves that @ is 1.s.c. By Michael’s selection theorem 
[IS], @ has a continuous selection h. Since r(F(t); h(t)) < r, we have 
l]h(t)il < II f II m + r for each t E T for any f E F. Hence h E gt,( T, V). Since 
r(F; h) = suprs T r(F(t); h(t)) = supts T r(F(t); h(t)), we have r(F, h) = r and 
h E Cent Vbb(T, V,(F). Thus gt,(T, V) has r.c.p. for F. 1 
Remark 5.7. In view of Lemma 1.1, the preceding theorem holds for 
F = K(X). The preceding theorem in conjunction with Proposition 3.4, 
Proposition 3.5, and Proposition 3.7 yields: 
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COROLLARY 5.8. Let T be a paracompact Hausdorff space, X = %?J T, hi), 
and 9 c CB(X) be as in Theorem 5.6. Then gbkb( T, V) has r.c.p. for 9 in each 
of the following cases: 
(1) V is a boundedly compact and convex subset of a Banaeh space U; 
(2) U = I, and V is a w*-closed convex subset of I, ; 
(3) U is locally unt~ormly convex, 9 = K(X), VE CC(U), and V 
satisfies r.c.p. for K(U). 
THEOREM 5.9. Let T be a paracompact Hausdorff space, U be a 
space, and X= %?JT, U). Let V E CC(X) and 9 c CB(X) be such that 
(1) f E%‘JT, U),f(t)E V(t)for each tE T imply f E VY 
(2) for each FE 9, the set-valued map t -+@) of T into CB(U) is 
u.H.s.c.; 
(3) the triplet (U, Y, CB( U)) satisfies property (i&), where 
Y”:={m&T). 
Then V has r.c.p. for 9. 
Proof Let FE p be given. For each t E T, define 
@(t):={uEV(t):r(~;u)dradv(F)). 
Since radW(F(t))<radV(F), by (&), @p(t) #$; also it is closed and 
convex. Thus Gp maps T into CC(U). Using property (R,) in place of 
(R,) exactly as in the proof of Theorem 5.6, we conclude that @ is l.s.c. 
Therefore, by Michael’s selection theorem [ 18 J, @ has a ~onti~~o~s 
selection h. Clearly h E gb( T, U) and by (1) h E Cent.(F). 7%~ V has IX. 
for 9. m 
COROLLARY 5.10. Let T be a compact Hausdorff space, U be a 
space, and let X = %?( T, U). If V is a closed %?(T, Z)-submodule of X and the 
triplet (U, Y, K(U)) satisfies property (8,), where Y = ( v(t): t E T), then V 
has r.c.p. for K(X). 
Proof By [19, Approximation Lemma 3.01, (1) in Theorem 5.9 is 
satisfied. Also by Lemma 1.1, (2) is fultil d for each FE K(X) and the 
conclusion follows from the last theorem. 
Last, from Corollary 4.7 (1) and (6), Corollary 3.14, and the preceding 
Corollary, we obtain 
COROLLARY 5.11. Let T be a compact Nausdorff space, X= U( T, U), 
and V be a closed %(T, Z)-submodule of X. Then V has r.c.p. for K(X) in 
each of the following cases: 
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(1) U is a Lindenstrauss space and V(t) is an M-ideal in U for each 
tE T, 
(2) S is an arbitrary set, U = I,($ W), and V(t) is a linear subspace 
of U satisfying the condition in Proposition 2.9 for each t E T; 
(3) S is a topological space, E is a uniformly convex Banach space, 
U = l,(S, E), and V(t) is a qb(S, X)-submodule of Wb(S, E) for each t E T. 
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